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CLASSIFICATION OF HOLOMORPHIC FOLIATIONS ON HOPF 

MANIFOLDS 


MAURfCIO CORREA, ARTURO FERNANDEZ-PEREZ, AND ANTONIO M. FERREIRA 


Abstract. We classify nonsingular holomorphic foliations of dimension and 
codimension one on certain Hopf manifolds. We prove that any nonsingular 
codimension one distribution on an intermediary or generic Hopf manifold is 
integrable and admits a holomorphic first integral. Also, we prove some results 
about singular holomorphic distributions on Hopf manifolds. 


1. Introduction and statement of results 

Let W = C n - {0}, n > 2, and f(zi,z 2 ,...,z n ) = {yizi, y 2 z 2 ,y n z n ) be a 
diagonal contraction in C", where 0 < |/q| < 1 for all 1 < i < n. The space 
quotient X = W/ < f > is a compact, complex manifold of dimension n called of 
Hopf manifold. The geometry and topology of Hopf manifolds have been studied 
by several authors, see for instance, Dabrowski [2], Haefliger [7], Ise [8], etc. 

In this paper, we are interested in the study of holomorphic foliations on Hopf 
manifolds. In m, using the Kodaira’s classification of Hopf surfaces Daniel Mall 
obtained the classification of nonsingular holomorphic foliations on Hopf surfaces. 
Motivated by this, we address the problem of classify nonsingular holomorphic 
foliations on dimension and codimension one on Hopf manifolds of dimension at 
least three. We will consider the following types of Hopf manifolds. 

Definition 1.1. We say that 

(1) X is classical if g = gi = ... = g n . 

(2) X is generic if 0 < |/ii| < |jl* 2 | < ... < \g n \ < 1 and there not exists 
non-trivial relation between the /q ’s in this way 

ntf=IbV> r *- r J e A n H = 0, All B = {1,2,, n}. 

ieA j£B 

(3) X is intermediary if fi\ = = ... = g r , where 2 < r < n — 1 and there 

not exists non-trivial relation between the /q ’s in this way 

ntf = n*7, r iXj G N, AnH = 0, 4ll5 = {l,r+l,...,n}. 
ieA jeB 

A line bundle L on X is the quotient of W x C by the operation of a representation 
of the fundamental group of A, ql : 7Ti(A) Z —> GL( 1, C) = C* in the following 
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way 

W x C —» W x C 

(z,v) I —> (f(x), 0 L ( l)v) 

We write L = for the bundle induced by the representation Ql(i) with b = 
g L ( 7)(1). We prove the following theorem. 

Theorem 1.2. Let X be a Hopf manifold, dim A' > 3, and T be a nonsingular 
one-dimensional holomorphic foliation in X given by a morphism Tjr = —> Tx- 
Then the following holds: 

(i) If X is classical, then b = p~ m with meN and m > — 1. The foliation T 
is induced by a polynomial vector field 

d d 

where gi are homogeneous polynomial of the same degree m + 1, for all 
1 < i < n, with {gi = • ■ ■ = g n = 0} = {0}. 

(ii) If X is generic, then b £ {1, pi ,..., //„}. The foliation T is induced by a 
constant vector field. 

(iii) If X is intermediary, then b £ {1, /zi, fj, r +i, Pr+ 2 , ■ ■ ■, £tn}- We have the 
table 


T*t 

vector field inducing J- 

Li 

r n 

S 9j( z U ■ ■ ■ 1 z r) aJJ + Y) C kz k-gT^ 

j =1 k=r -\-1 

I'm 

ci a£7 + • ’' + cr TL’ c% + 0 f° r aU i 

L h with j > r 

d 

dz. 


In the case that A is a generic Hopf manifold, we have the following result. 

Theorem 1.3. All holomorphic one-dimensional foliations (possibly singular) on 
a generic Hopf manifold of dimension at least three are induced by monomial vector 
fields. 

Definition 1.4. Let X = W/ < f > be a Hopf manifold, where f(zi,...,z„) = 
(piZi ,..., p n z n ) is a contraction ofC n , and T a nonsingular one-dimensional holo¬ 
morphic foliation on X given by a morphism Tjr = L}, —>• TX. We say that T is 
constant if b = pt for some i = 1,... ,n; linear if b = 1, and polynomial in 
otherwise. 

It follows from m that a nonsingular holomorphic foliation on a Hopf surface 
has at least a compact leaf. The next result is a generalization of this fact, but only 
in the case of classical, intermediary or generic Hopf manifolds. 

Corollary 1.5. Let X be a Hopf manifold, dim(X) > 3, and T be a nonsingular 
one-dimensional foliation in X. Then T has a compact leaf. Moreover, if X is 
classical and T is a generic foliation (in the sense of M) with tangent bundle 
Tjr = L^-m, then J- has 

m n — 1 


compact leaves. 


m - 1 
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Proof. The proof will be divided into three parts: 

Polynomial foliations. By Theorem 11.21 there are polynomials foliations only 
in the classical case. Let T be a polynomial foliation on X. By Theorem 11.21 the 

n 

foliation T is induced by a polynomial vector field v = Y2 9i~§z~ on W- In this 

i= 1 Z ' 

case we will consider the surjective morphism a : X —> P" -1 , a(z) = \z\, whose 
hbers are elliptic curves C*/ < / >. The fiber oT l (z) is contained on a leaf of the 
foliation, if and only if, 


z%9j - Zj9i = 0, V i, j = 1,..., n. 


Consider the map tp : IP" -1 —>■ P” _1 defined by <p(z) = [gi(z) : ... : g n {z)]- This 
map always has fixed points (cf. [I], pg 459). Thus the fiber of a _1 (z) is a compact 
leaf of the foliation. As we saw above, the number of compact leaves of a generic 
polynomial vector field can be calculated by the number of fixed points of the 
correspondent polynomial map. This follows from [5j Proposition 4]. 

Constant foliations. A constant foliation is induced by a vector field v = for 
some j = 1,..., n, on W. The leaves of this foliation in W are an axis minus the 
origin, and planes parallel to this axis. Thus a constant foliation in A' has compact 
leaves. 

Linear foliations. By Theorem ll.2l linear foliations are induced by a vector field 
of the form 


v 

2—1 


dz. 


where gi is linear polynomial, 1 < i < n. The vector field v is complete in C n , and 
the orbit of a point z £ C™ — {0} is diffeomorphic to C* (cf. [12] j PS 23). Therefore, 
the foliation on X has compact leaves. □ 


Now, we present some results on codimension-one holomorphic distributions on 
Hopf manifolds. 

Theorem 1.6. Let X be a Hopf manifold, dim A > 3, and J- be a nonsingular 
codimension-one distribution on X given by a morphism Affr = Lb —> fly. Then 
the following holds: 

(i) If X is classical, then & -1 = p m with m £ N and m > 1. Furthermore J- is 
induced by a polynomial 1-form 

w = gidzi H-b g n dz n , 

where <?; are homogeneous polynomial of the same degree to — 1, for all 
1 < i < n with {g\ = • • • = g n = 0} = {0}. 

(ii) If X is generic, then b~ l = pj for some j = 1,2,... ,n, and T is induced 
by the 1-form ui = dzj. 

(iii) If X is intermediary, then b~ l £ {pi, p r+ i, p r + 2 , ■ ■ ■ ,Hn}- The foliation T 
is induced by a constant 1-form. 

Note that Theorem 11.61 implies that a distribution T on an intermediary or 
generic Hopf manifold is induced by closed 1-form u> in C" — {0}. In particular, 
this implies that T is integrable. We state it as follows. 

Corollary 1.7. All nonsingular codimension-one holomorphic distributions on an 
intermediary or generic Hopf manifold are integrable. 
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Example 1.8. In the classical case the Corollary o is not true. Consider X = 

C 3 — {0}/ < f > a classical Hopf manifold of dimension 3. The 1-form to = 
y p dx + x p dy + z p dz induces on X a non-integrable nonsingular distribution. 

In the situation of Theorem ll.61 note that if J- satisfies the integrability condition 
we have the following corollary. 

Corollary 1.9. Let X be a Hopf Manifold, dim(A) > 3, and J- be a nonsingular 
codimension-one foliation on X. Then J- has a holomorphic first integral. 

Proof. Assume that J- is induced by the 1-form oj on C" — {0}. If A' is an inter¬ 
mediary or generic Hopf manifold, Theorem 11.61 implies that ui = dT , where T is a 
linear function and the proof ends. Now, if A' is classical, applying Theorem 11.61 
we get 

w = g 1 dz 1 -\ -h g n dz n , 

where gi are homogeneous polynomial of the same degree m — 1, for all 1 < i < n 
with {gi = • • • = g n = 0} = {0}. Since n > 3 and u> has an isolated singularity 
at 0 £ C n , then it follows from Malgrange-Frobenius theorem m that u> has a 
holomorphic first integral. □ 

Theorem 11.61 item (i) together with Corollary 11.91 extends a theorem due to 
Ghys [2] for nonsingular codimension-one foliations on classical Hopf manifolds. 
Moreover, in this work we are not supposing that the distributions are integrable. 
Now, in the special case of generic Hopf manifolds we have a more precise result. 

Theorem 1.10. Any codimension-one holomorphic distribution (possibly singular) 
on a generic Hopf manifold of dimension at least three is integrable and induced by 
a monomial 1-form. 

Finally we state some results about singular holomorphic distributions on Hopf 
manifolds. 

Theorem 1.11. Let X be a Hopf manifold and J- be a holomorphic distribution of 
dimension or codimension one on X with Cod(Sing(J r )) > 2. Then 

(1) if n = 2 then Sing(J-) = 0, 

(2) if n > 3 then either Sing(iF) = 0 or Sing(J-) has at least a positive codi¬ 
mension component. 

To prove Theorem ll.lll we will use Residues theorems of Baum-Bott type (cf. [2] 
and [9]). Note that when n = 2, the above result implies that there are not singular 
holomorphic foliations on X. Hence the classification of holomorphic foliations due 
by Mall m is complete. For codimension-one singular holomorphic foliations on 
classical Hopf manifolds we prove the following alternative. 

Theorem 1.12. Let T be a singular codimension-one foliation on a classical Hopf 
manifold of dimension at least three. Then 

• either T has an analytic invariant hypersurface, 

• or T has one dimensional subfoliation by elliptic curves. 

We remark that Theorem 11.121 should be viewed as an analogous version of 
Brunella - Conjecture. More precisely, Marco Brunella conjectured that a codimension- 
one holomorphic foliation T on P", n > 3, satisfy the following alternative: either 
J- has an algebraic invariant hypersurface, or J- has one-dimensional subfoliation 
by algebraic curves, see [3]. 
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2. Cohomology of line bundles on Hopf manifolds 

Let 57 y be the sheaf of germs of holomorphic p- forms on a Hopf manifold X. 
Denote by 57 p x (L b ) := 57^ <g> L b and by 7r : W — > X the natural projection on X. 
Consider a open covering {Ui} of X such that all sets open Ui are Stein, simply- 
connected and Ui := 7r“ 1 (f/,;) is a disjoint union of Stein open sets on W. Since u is 
surjective, we have A = {Ui} is open covering of W. It follows from the definition 
that 

Ui = U rezf r (Ui). 

Let <p G T(Ui,n p x (L b )). Then <p = 7r*(y>) belongs to T(Ui, n* (fl p x (L b ))) = 
L (Ui, 57j^). Therefore we have a exact sequence of Cech complexes 

(1) 0 -A C-(A, 57 p x (L b )) -A C'(A, n p w ) M C'(A, 57^) —> 0. 

From this we derive the long exact sequence of cohomology 

0 _> H°(x,n p x (L b )) —► H°(w,n p w ) ^ H°(w,n p w ) —> H\x,n p x {L b )) 

where p 0 = b ■ Id — f* : H°(W, 57jy) —> H°(W, 57^) and W = C n — {0}. D. Mall 
proved in m the following result. 

Theorem 2.1 (Mall 10]). If X is a Hopf manifold of dimension n > 3 and L b is 
a line bundle on X. Then 

dimH°(X,rix(Lb)) = dimH°(X,Il r }f 1 (Lb)) = dim Ker(p 0 ) 


3. Holomorphic foliations 

Let X be a complex manifold. A (nonsingular) foliation T, of dimension fc, on 
X is a subvector bundle TJF Tx, of generic rank k, such that [TT, TT] CTX. 

There is a dual point of view where J- is determined by a subvector bundle Xf, 
of rank n — k, of the cotangent bundle 57= T*X of X. The vector bundle iVjt 
is called conormal vector bundle of T. The involutiveness condition is replace by: 
if d stands for the exterior derivative then dNf C Nj? A 57^ at the level of local 
sections. The normal bundle Njr of J- is defined as the dual of Nf. We have the 
following exact sequence 


0 —»• TT —>• TX —>• Njr -a- 0. 

The (n — fc)-th wedge product of the inclusion Nf 57^ gives rise to a nonzero 
twisted differential (n — k)- form ui € H°(X, <g>J\f) with coefficients in the line 

bundle Af := det(Afp), which is locally decomposable and integrable. By construc¬ 
tion the tangent bundle of a Hopf manifold X is given by 

n 

TX = 0L ai , 

i= 1 

where L ai is the tangent bundle of the foliation induced by the canonical vector 
field ' 
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4. ONE-DIMENSIONAL HOLOMORPHIC FOLIATIONS 

A nonsingular one-dimensional foliation Jon a Hopf manifold X is given by a 
line bundle Lb := Tjr on X and an embedding i : Tjr —>• TX , where TX denotes 
the tangent bundle of X and b G C*. For guarantee the existence of T such that 
Tjr = Lb is necessary that dim H°(X, TX ® L b - 1 ) > 0. The tangent bundle TX is 
isomorphic to L^ © • • • ® and hence 

Kx = (A M i © ® ■ ■ • ® L^ n ) = [L^ = 1 

where Kx is the canonical bundle of X. Let L a be a line bundle on X with a G C*. 
We will find a condition on a such that dim H°(X,TX Cg> L a ) > 0. From the 
isomorphism TX = fwe get H°(X,TX®L a ) = H°(X,Q'% zl ®L IJ , lfl2 ... flna ) 
Thus, dim AJ°(X, TX ®L a ) > 0 if, and only if, dim JA°(X, <8) > 0. 

Lemma 4.1. Let X be a classical, intermediary or generic Hopf manifold of di¬ 
mension n > 3, and let L b be a line bundle on X, with b G C*. 

(i) If X is classical then dimU°(X, ® L b ) > 0 if, and only if, b = p m , 
with m£Z, m> n — 1. 

(ii) If X is generic then dimJf°(X, 12^ 1 (g> Lb) > 0 if, and only if, b = 
p,™ 1 H™ 2 ... p™ n , where pj G N, and there exists jo G {1,... ,n}, such that 
Abo > with Ab > 1 for all j G {1,..., n} \ {j 0 }. 

(iii) If X is intermediary then dim JA°(X, 12^T 1 ® Lf>) > 0 if, and only if, 

h = ii m ii mr+1 n mn 
0 lA r _|_i . . . /x n 5 

with m > r — 1 and mj > 1 for all j > r + 1 or m > r, and there exists 
jo > r + 1 with nij 0 > 0 and mj > 1 for all j G {r + 1, r + 2,..., n} \ {jo}- 

Proof. By Theorem 12.II we have dim H°(X, f© Lf) = dim(fcerpo), where 

Po —>H°(W,n^r 1 ), po = bid - f* and W = C n - {0}. 

n 

Let co G H°(W, then w = J} Qidzi A • • • Adzi-i Adzi + i A • • - A dz n . It follows 

2—1 

from Hartogs extension theorem that each gi can be represented by its Taylor series 
gi(zi, z 2 , ...,z n )= 4 * z i 1z 2 2 for all i = l,...,n. 

aeN” 

Hence 

n 

(2) poM = E c ^ b - 1+1 ■ • ■ AC +1 A h'K 1 ■ • • 

2=1 a£N n 

where dzj := dz\ A • • • A dzi -1 A dzt +1 A • • • A dz n . First we consider the classical 
case. In this case pi = ■ ■ ■ = p n = p and 

n 

PoM = £ £ 4(6-A* ai+ - +an+n - 1 K 1 ---« B dS’- 

2=1 a£N n 

so that dim(fcerpo) > 0 if, and only if, b = p m , for some toGN, m > n — 1. For 
the generic case, since pi has no relations, it follows from (0 that dim(fcerpo) > 0 
if, and only if, b = /i™ 1 pff 2 ... p™ n where Ab G N, and there exists jo such that 
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> 0 e Hj > 1 Vj £ {1,..., n} \ {jo}- Finally, for the intermediary case, we have 
/Ltl = • • • = fir = M, so that 

n 

Mu) = E E c ^ b v ai+ ' +ar+r tf+V ■ • • /e+vr 1 )*? 1 • • • 

2=1 q-GN 71 

Since fi, /R r +i,..., H n has no relations, we have dim(/cerpo) > 0 if, and only 
if, b = fj, m .. ■/I™’ 1 , with m > r — 1 and rrij > 1 for all j > r + 1, or 

6 = ... /r™", with m > r, and there exists jo > r + 1 with rrij 0 > 0 and 

Tfij > 1 for all j £ {r + 1 , r + 2 ,..., n} \ {jo}- □ 

The above lemma implies the following proposition. 

Proposition 4.2. Let X be as in Lemma E3 and L a be a line bundle on X. The 
following statements holds: 

(i) If X is classic then dim H°(X,TX ® L a ) > 0 if, and only if, a = fi d , where 
d £ Z with d > — 1. 

(ii) If X is generic then dim H°(X,TX < 8 > L a ) > 0 if, and only if, 

d-t do d„ 

a — H ^2 ■ ■ -Hn 

where there exists jo £ { 1 ,... ,n} with dj 0 > — 1 and dj > 0 for all j £ 
{l,...,n}\{j 0 }. 

(iii) If X is intermediary then dunH°(X,TX L a ) > 0 if, and only if, a = 
/FVr+i 1 ■ ■ • Tn 71 where d > — 1 and dj > 0 for all j > r + 1 or d > 0 and 
there exists jo > r + 1 with dj 0 > —1 and dj > 0 for all j £ {r + l,r + 

2 ,... ,n} \ {jo}- 

Proof. Since H°(X, TX® L a ) = H°(X, ® the proposition follows 

from Lemma EJ □ 

4.1. Proof Theorem 11.21 The morphism Tj= = Lb —>• TX gives rise to a section 
s £ H°(X, TX ® Lb- 1 ). On the other hand, we have the isomorphism 

TX ® L b -1 “ (W x €")/(/ x Ab- 1 ), 

where W = C ra \{0} and A = ..., )j , n ). Therefore, a section s £ H°(X, TX ® L b -i) 

correspond to a section s £ H°(W, (D [{,-), say s = (gi, ■ ■ ■ ,g n ), where gi £ CV sat¬ 
isfying: 

gk(piZi, ■ ■ -iUnZn) = tikb~ 1 gk(zi, ...,Zn) for all fc = 1 ,... ,n. 

It follows from Hartogs extension theorem that s can be represented by its Taylor 
series 

gk(zi, ...,Zn)= Y^ c a z<x > a = (<*1,012, ...,«„)£ N n , A; = 1,2,..., n. 

Then for all k = l,... ,n, we have 

(3) c^“> 2 2 ■ • -Tn" = c^Tkb- 1 , where a = (ai,a 2) . - - ,a„) £ N n . 

Classical case. In this case, we have fii = • ■ ■ = //„ = fi. Then by Proposition 14.21 
part (*), we have 6 _1 = fj, m with m > — 1. Then, it follows from equation (J3]) that 

c h a n ai+ ' +an = c*/z ro+1 , where a = (op, a 2 , • • • ,a„) £ N n . 

If c k 7 ^ 0, then ha " = // m+1 with m > —1. Thus op -h a„ = to + 1 > 0. 

This shows that each gk is a homogeneous polynomial of degree m+1 and the 
foliation T is given by a polynomial vector field g\ + ... + g n , where gi are 
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homogeneous polynomial of degree m + 1 > 0, for all 1 < i < n. 

Generic case. In this case, the p,; are not related. Then by Proposition 14.21 part 
(ii), we have 6 _1 = • • ■ Z 1 !” such that there exists dj 0 > —1 and dj > 0 for all 

j £ {1,..., n}\{j 0 }. From the equation ©, if ^ 0 then b~ l = ... A 4 ™"/ 7 )} 1 

and so that aj = dj for j ^ k and a*, = c4 + 1. Hence for all j = 1,..., n we get 

(4) g k (zi,...,z n ) = c k zf L ..-z% k+1 ...z dn , 

where c k = , a = (di, d %,..., dk + 1,..., d n ). Since T is nonsingular, there are 

two possibilities: 

(i) dj 0 = — 1 and dj = 0 for j ^ jo. In this case b = /x j0 and the foliation is 

induced by a vector field of the form v = . 

(ii) dj = 0 for all j = 1,..., n. In this case 6=1 and the linear vector field 

v = - \-c n z n -rp- with c- 7 ^ OVj = 1,..., n, induces the foliation. 

Intermediary case. In this case, we have /xi = ■ ■ • = /x r = /x. Then by Proposition 
14.21 part, {in), we have 

(5) 6- 1 = ax- 


where d > — 1 and dj > 0 for j > r + 1 or d > 0 and there is jo > r + 1 with 
dj 0 > —1 and dj > 0 for all jg{r+l,r + 2,...,n}\ {jo}- From the equation ([3]) 
we deduce that 

,.ai+a 2 -l -ha r .“T-+i (( a„ _ ..d.A+i n d n 

A 4 Pr+1 • ■ • A L n ~ rkt 1 AV+1 • ■ ■ H'n ' 


9 k — Z r+ 1 z r+2 


•+1> • ■ • 

, /j, n are not related we 

d.r+2 

Ar+2 ■ 

..z dn y 

n Z —/ 

n k ryOtr 

c a z l * ‘ ‘ z r 


aeN r 


d.r+2 

^r+2 ' 

• • z k 

■zfr E c*z 


aGN r 


Since J 7 is nonsingular, there are three possibilities: 

(i) d = — 1 and dj = 0 for all j > r + 1. In this case 6 = 9 = at = 
and the vector field 


— i^r 


dl 


+ ■ ■ • + c r 


3 


for some c 7 ^ 0, induces the foliation. 

(ii) d = 0 and dj = 0 for all j > r + 1. So 6 = 1 and 

v = 9i^ H-F gr^ + cr+lz r+id£^; 

with 




9 k =Y, c i z i para 1 < k < r 
2=1 

(iii) d = 0, dj 0 = — 1 , for some jo £ {r + 1 ,.. . ,n} and dj = 0 for all j £ 
{r + 1,..., n} \ {jo}- In this case b = /ij 0 and v = q§—- 


Remark 4.3. Notice that Theorem \1.3\ follows from equation 0 


5. ONE-CODIMENSIONAL HOLOMORPHIC FOLIATIONS 

In this section we will give a classification nonsingular holomorphic distribu¬ 
tions and foliations of codimension-one on classical, generic or intermediary Hopf 
manifolds. 
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Lemma 5.1. Let X be a classical, generic or intermediary Hopf manifold of di¬ 
mension n > 3, and L a be a line bundle on X, with a G C*. The following holds: 

(i) If X is classical then dim H°(X, <8> L a ) > 0 if, and only if, a = p m , 

where m G N, m > 1. 

(ii) If X is generic then dim H°(X, £1^- ® L a ) > 0 if, and only if, 


m i m o 

a = Hi p 2 ■.. n 


m n 

n 


where m, € N and there exists jo G {1 ,,n}, such that mj 0 > 1. 

(iii) If X is intermediary then dim H 0 (X,fl\- ®L a ) > 0 if, and only if, 


a = p ™ 1 h ™ 2 ■ ■ ■ hi 


with Hj ^ N for all j = 1,..., 
for j > r + 1 or mi + m 2 + • • ■ 
exists jo > r + 1 with rrij 0 > 1. 


n, and mi + m 2 + ••• + ' 


1, 


m 3 > 


0 


+ m r > 0, mj > 0 for j > r + 1, and there 


Proof. According to Theorem 12.11 we have dim H°(X, 12^ (L a )) = dimker(po ), 
where 

Po = a ■ Id — f* : H°(W, 1 H°(W, 

n 

and W = C” — {0}. Let w G T(W, so that ui = Y 9%dzi, applying Hartogs 

i= 1 

extension theorem, each gi , 1 < * < n, can be represented by its Taylor series 


9i(zi, z 2 , ■ ■ ■, z n ) 


E n i 

c a z l z 2 • • • z i 

ae N n 


Then p 0 (co) = Y Y c a( a - hT ■■■ hn n hi)^ 1 z 2 2 ... z% n dzi. Hence 

i— 1 q-GN 71 

Po(oj) = 0 Va G N ra , i G {1,..., n} this implies that c l a = 0 or a = /if 1 ... hn n hi- 

If A' is a classical Hopf, that is, p\ = • • • = hn = h then Po(w) = 0 
Va G N" and i G {1,..., n} so that c l a = 0 or a = /r“ lH f “ n+1 . Therefore, 

dimfkerpo) > 0 ■*=> a = p m with m G N, m > 1. If A is generic, since there 

are not relations between the pfs, we have dim(fcerpo) > 0 a = p™ 1 ■ ■ ■hn n i 
where pi G N, mt > 0 for all i G {1,..., n} and there exists io G {1,..., n} such 
that mi 0 > 1. Finally, if A' is intermediary then p\ = • • • = p r so that 

Po{oj) = 0 Va G N”, i G {1,..., n} 

and hence c l a = 0 or a = /r“ lH t ~ av Mr+i 1 ■ ■ ■ hn n hi- As there are not relations 
between pi, p r+ i ,..., p n we have 

dim(fcerpo) > 0 <;=> a = p™ 1+ +mr hT+V ■ ■ ■ hn "> 
with mi + • • ■ + m r > 1 and mj > 0 Mj > r + 1, or mi + • ■ • + m r > 0, mj > 0 V 

j > r + 1 and there exists jo > r + 1 with m,j 0 >1. □ 

As consequence of above lemma, we obtain the following proposition. 

Proposition 5.2. Let X be a Hopf manifold of dimension n > 3 and let J- be a 
nonsingular codimension-one holomorphic distribution on X with Njr = L^-i. The 
following holds: 

(i) If X is classical then b~ x = p m , com m G N and m > 1. 

(ii) If X is generic then b = p™ 1 p™ 2 ... p™ n where pj G N for all j = 

l,...,n, e pi H-I- p n > 1- 
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(iii) If X is intermediary then b~ 1 = .../i™" where fi,j G N for all 

j = 1 and mi + m 2 + • • • + m r > 1 , mj > 0 for j > r + 1 or 

m\ + m 2 + • • • + m r > 0 e m 3 - > 0 for all j > r + 1 and there exists 
jo > r + 1 with mj 0 > 1 . 

5.1. Proof of Theorem 11.61 By construction, we have that 
Sl\c®L b -1 = (W x C n )/(/ x 

where IT = C" — {0} and A -1 = (/xj~ ,... ,/x” 1 ) . Thus, the holomorphic section 
s G H°{X, Slx®Lb-i) correspond to a section s G H°(W. , O^-), say s = (< 71 ,... , g„), 
such that G satisfies g k {n\Zi,..., n„z n ) = % , ^n), for all 

k = 1,... ,n. By Hartog’s extension theorem, s can be represented by its Taylor 
series 

g k (zi,...,z n ) = E c^z ^ 1 ...z“ n , where a = (ai,a 2 ,...,a n ) €N n . 
ote N n 

Then 


(6) c^/Xi 1 /^ 2 • • -/-C 1 = c aMfc 1& \ wherea = (ai,Q 2 ,...,a„) eN". 

The classical case. In this case /xi = • ■ ■ = /x n = /x. Proposition 15.21 part (?) 
implies that 6 _1 = 7 i m for some m > 1. Therefore = c^/.i _ 1 /x m where |a| = 

Oi + • • • + a„. Hence, if ^ 0 then |a| = m — 1. It follows that each gk is a 
homogeneous polynomial of degree m — 1 . 

Generic case. If X is generic, then by Proposition 15.21 part (ii) we have 

6 - i = / or---/Cb 


where /./ ? G N, py > 0 for all j G {1,..., n} and there exists jo G {1,..., n} such 
that mj 0 > 1. Then from ED we get 

4 O 2 2 •••<"= CaMfc VrV ” 2 • • -/C n > where « = (ai,a 2) . ..,a n ) G N". 
Hence for each fc = 1,..., n we have 

( 7 ) <?*(*!,••■,*,) = c^r 1 ^ 2 ■ • • *r _1 • ■ • c n - 


Since J- is nonsingular, we get that mj 0 = 1 for some jo G {1,..., n} and mj = 0 
for all j G {1,..., n} \ {jo}- So that we have b~ l = /. ij 0 , gj 0 is a constant and gj = 0 
for all j G {l,...,n}\{j 0 }. 

Intermediary case. In this case, we have /xi = ■ • ■ = /x r = /x. Moreover, Proposi- 

tion l5.2l part {iii), implies that 5 _1 = n™ 2 ... /x™ n , where mi + m 2 H- + m r >1 

and mj > 0 for j > r + 1 or mi + m 2 + • • ■ + m r > 0 and my > 0 for all j > r + 1 
and there is jo > r + 1 with mj 0 > 1. Then from ED we get 


fc t*lH-hQr “r+1 

L 'ar Jj l rV+1 


,,a» _ J „-l„mi + -+m r m r+ i n 

• H"n ^'cx.r'k AV+1 * * * Mn 


where a = (ay, a 2 ,..., a n ). Since there are no relations between /x, /.i r +i,..., /x n , 
we have that for each k = 1 ,..., r, 

m r+ i fc 


5fe(^!, ■ • • , ^n) = 4+l +1 ■■■ Z n n J2 C k a Z T 


. . . 


where ai 


• • • + a r = mi + • • • + m r — 1 > 0, and for each k = r + 1 , 
g k {zi, ...,z n ) = ■ - - z ^- 1 ...z^E ... z?r, 


where op + ■ • • + a r = mi + ■ • • + m r > 1. Since J 7 is nonsingular, we have the 
following possibilities: 
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(i ) b = Hi = ■ ■ ■ = fi- 1 . In this case the foliation is induced by a holomorphic 
1 -form of the type oj = c 1 dzi + - ■ ■+c r dz r , with c 1 ^ 0 for some j = 1 ,..., r. 

(ii) b = hJ 1 for some j £ {r + 1,..., n}. In this case, the foliation is induced 
by a 1-form of the type u = dzj . 

5.2. Proof of Theorem 11.101 The equation 0 shows that every codimension- 
one distribution on a generic Hopf manifold is induced by a monomial 1-form of 
the type 

n 

U = Y9id z i, where gi(zi, ...,z n ) = CiZ^'z™ 2 ... ^ mi_1 ■ ■ • with rrij > 0, 

i =1 

Now, we show that to A duj = 0. Calculating duj we obtain 

n 

dco = "Y, CirrijZ™ 1 z™ 2 ... z ™ i_1 ... z™ 3 1 ... z™ n dzj A dzi. 

*> 1=1 

Define i^ijk — — cj^TrijC'i — ^kji and 

«... _ >i 2m 2 2m k -l 2mj-l 2rrn-l 2 m n 
^ijk ~ *1 ^2 ' ' ' ^k * * * • • • *n 

Then, we get 

W Adw = Y, Wkji - Vkij ~ Vjki + Vjik - Vijk + Vikj)zijkdz k A dzj A dzi = 0 

k<j<i 

6 . Singular foliations on Hopf manifolds 

In this section we study singular holomorphic foliations (and distributions) on 
Hopf manifolds. Firstly, we prove Theorem II.Ill 

6.1. Proof of Theorem 11.111 Let £ £ H°(X,TX g L) be a section inducing T. 
Suppose by contradiction that Sing(J ;;) is nonempty and has only isolated points. 
By Baum-Bott Theorem [2] we have 

(8) c n (TX®L)= Y MO>0 

{v4{p)= 0 } 

where // p (£) denotes the Milnor number of £ at p, and c n the top Chern class. For 
the one-codimensional case the idea of the proof is the same. In this case we use 
the Baum-Bott type Theorem due to T. Izawa [9]. On the other hand, 

(9) c n (TX) = Y(-l) p+q h p ’ q , 

where h p,q = dim H q (X, Cl p ) is the Hodge number. Mall in [lO] showed that 

(10) h°'° = h °’ 1 = h n ’ n = h n ’ n ~ l = 1 and h p ’ q = 0 in all other cases. 

Then from 0 and (fTOl) we have that c n (TX ) = 0. Furthermore, since X is diffeo- 
morphic to S’ 2 " -1 x S' 1 , by Kiinneth formula we get H 2 (X,7j) = 0. In particular, 
the first Chern class ci(L) £ H 2 (X, Z) vanishes. Then 

n 

c n (TX ® L) = £ c i {TX)c 1 {L) n ~i = c n (TX) = 0 
l=o 

which contradicts the equation 0. 
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6.2. Proof of Theorem I1.12L We prove the Brunella type alternative for holo- 
morphic foliations on classical Hopf manifolds. Let w be a 1-form on C™ — {0} 
inducing T. Then we get ui = g\dz\ + ••• + g n dz n , where gi are homogeneous 
polynomials of the same degree k for all 1 < i < n. Let a : X —> P” -1 , a(z) = [z], 
the natural morphism. Then is either T is transversal to a generic fiber of 7r or J- 
is tangent to fibration 7r. 

n 

In the first case, the contraction / := iruj = ^ Zig%, of the to by radial vector 

i=l 

n 

field R = z i~dT~i is a n °t identically zero analytic function on X. We will show 

i =1 

that the analytic hypersurface {/ = 0} is invariant by T. In fact, the integrability 
condition, u> A doj = 0, implies that irlo A dw + w A indui = 0. On the other hand, 


/ n 

in(dgi A dzi) + d ^ Zig t 

*=1 \i=l 

Taking the exterior product with to, we get w Aiadco + ui Ad(inLo) = 0 and by using 
this equation and Irlo A dui + ui A iRduj = 0, we obtain uj A d{iRUi) = (iRio)duj. Thus 
{irui = 0} is invariant by T. On the other hand, if T is tangent to the fibration 7r, 
then T is subfoliated by elliptic curves. 

Acknowlegments. We are grateful to Bruno Scardua and J. Omegar Calvo- 
Andrade for interesting conversations and corrections. We also would like to thank 
the referee for pointing out corrections and suggestions. 


i R du> + d(i R Lo) = V' 


^ =(k + l)w. 
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